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Abstract
The contribution of ∆ isobar to the correction on proton polarizability in
the hyperfine splitting of hydrogen and muonic hydrogen is calculated with
the account of the experimental data on N −∆ transition form factors.
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1
Investigation of the hyperfine splitting (HFS) of the hydrogen atom ground state
is considered during many years as a basic test of quantum electrodynamics [1].
Experimental value of hydrogen hyperfine splitting was obtained with very high
accuracy [2]:
∆Ehfsexp = 1420405.7517667(9) KHz. (1)
Corresponding theoretical value of hydrogen hyperfine splitting may be written
at present time in the form:
∆Ehfsth = ∆E
F (1 + δQED + δS + δP ), ∆EF =
8
3
α4
µPm
2
pm
2
e
(mp +me)3
, (2)
where µP is the proton magnetic moment, me, mp are the masses of the electron and
proton. δQED denotes the contribution of higher-order quantum- electrodynamical
effects, which has the same form as for muonium hyperfine structure. In the last
years the theoretical accuracy of this correction was essentially increased in [3, 4, 5].
Corrections δS and δP take into account the influence of strong interaction. δS
describes the effects of proton finite size and recoil contribution. δP is the correction
of proton polarizability. Main uncertainty of theoretical result (2) is connected with
this term [6, 7, 8, 9, 10]. The theoretical limitation for the proton polarizability
contribution is |δP | < 4ppm [11]. One of the main contributions to δP is determined
by two photon diagrams, when ∆ - isobar or other baryon resonances may appear in
the intermediate states. The amplitudes of virtual Compton scattering on electron
and proton, which appear in these diagrams, are not well known at present time.
Some estimation of δP was done in the paper [12]: δP ∼ 1÷2ppm. The correction to
the hydrogen Lamb shift due to the proton electric and magnetic polarizabilities was
obtained in [13]. In this work we have suggested other approach to take into account
resonance intermediate states in δp correction of hydrogen HFS. Our approach is
based on using of transition form factors of nucleon to ∆ isobar or other baryon
resonances. Such transition form factors may be measured experimentally and then
used for HFS calculation in hydrogen or muonic hydrogen.
Let consider the calculation of ∆ isobar contribution to the hydrogen HFS on
the basis of quasipotential method [14]. The interaction operator of electron and
proton, corresponding to diagrams of figure, contains matrix elements of electromag-
netic current operator < N∗(p1)|Jµ|N(p2) > (N - nucleon, N∗ - nucleon resonance),
depending on three relativistic invariant form factors. Matrix element of the oper-
ator of electromagnetic current for transitions 1
2
+ → 3
2
−
, 5
2
+
, 7
2
−
, ... takes the kind
[15, 16]:
< N∗(p2)|Jµ|N(p1) >= ψ¯µ1...µj−1/2qµ2 ...qµj−1/2 (3)
[g1(q
2)qµ1(qµq · p1 − p1 µq2)− 2g2(q2)εµ1αβγp1 αqβεγνλµp1 νqλ+
i(g2(q
2) + g3(q
2))Mqµ1εανλµp1 νqλγαγ5]u(p1),
where ψµ1...µj−1/2 is the wave function of the baryon resonance, M is the mass of res-
onance. Relativistic invariant functions gi(q
2) (i=1, 2, 3) may be called by electro-
magnetic nonelastic form factors. To obtain the matrix element of electromagnetic
2
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Figure 1: ∆ isobar contribution to the hydrogen HFS
current operator for transitions 1
2
+ → 3
2
+
, 5
2
−
,... it is necessary to do the substitution
u(p2) → γ5u(p2) in the expression (3). Wave function of ∆ isobar with JP = 32
+
is
spin-vector ψµ. It satisfies to the relations: pµψµ(p) = 0, γµψµ(p) = 0, (pˆ−M) = 0.
Using these equations we may write necessary matrix element of the current Jµ in
the form [17]:
< ∆(p2)|Jµ|N(p1) >= ψ¯λT λµu(p− q), (4)
T λµ = [G1(q
2)(qλγµ − gλµqˆ) +G2(q2)(qλP µ − gλµ(qP )) +G3(q2)(qλqµ − gλµq2)]γ5
where p2 = p, p1 = p− q, P = p− 12q. Standard projector onto the state with J = 32
is
Xµν =
∑
σ
ψµψ¯ν = (gµν − 1
3
γµγν +
1
3M
(pµγν − pνγµ)− 2
3M2
pµpν)(pˆ+M). (5)
Functions G1(q
2), G2(q
2), G3(q
2) may be expressed in terms of more usual set of
form factors: electric GE, magnetic GM , quadruple GC :
G1(s) =
(GM −GE)M
2[s+ (M +mp)2]
(6)
G2(s) = −
[
GM [(M −mp)2 + s] +GE(m2p + 2mpM − 3M2 + s)− (7)
−2GCs
]
1
2[(M2 −m2p)2 + s(s+ 2m2p + 2M2)]
G3(s) = −
[
GM [(M −mp)2 + s] + GE((mp +M)2 + 4M2 + s)+ (8)
+2GC(m
2
p −M2)
]
1
4[(M −mp)2 + s][(M +mp)2 + s] ,
3
where s = Q2 = −q2.
In the range of small Q2 electromagnetic transition N → ∆(1232) may be con-
sidered as a magnetic dipole transitionM1+. The contributions of electric quadruple
E1+ and Coulomb quadruple S1+ amplitudes are very small. Recent experimental
data in the range of Q2 ≈ 0 are: E1+/M1+ ∼ -0.03, S1+/M1+ ∼ -0.11 [18, 19, 20, 21].
As Q2 increases the N − ∆ transition form factors fall off more like Q−6 [21]. The
transition γ∗p → ∆ was studied on the basis of QCD sum rules in [17] and in the
framework of covariant diquark model in [22]. Transition form factors Gi(q
2) were
calculated in [17] and it was shown good agreement of theoretical results on form
factors GM , GE , GC with experimental data.
Let consider the two photon amplitudes shown on figure. The electron factor of
one-loop amplitudes is equal to
Mµνe = v¯(p1)γ
µ (pˆ+ γ0E1 +me)
De(p)
γνv(q1), (9)
where De(p) = p
2 + 2E1p
0 − γ2, γ2 = E21 − m2e. The proton tensor of direct two
photon diagram with ∆ isobar in the intermediate state may be written as follows:
Mµνp = u¯(q2)T
µλ(p, q)
Xλω(p2 − p)
D∆(−p) T
ων(p, q)u(p2). (10)
In the case of crossed diagram it is necessary to change µ⇔ ν andD∆(−p)→ D∆(p).
Choosing term ∼ γµpˆγν in (9), we have projected alternately electron and proton
in the initial and final position on the states with spin S=1 and S=0 by means of
the operator
Πˆ = u(p2)v¯(p1) =
1
2
√
2
(1 + γ0)εˆ (11)
(εµ is the polarization vector of 1S3 state, in the case of
1S0 it is necessary to change
εˆ→ γ5), in order to construct hyperfine part of the quasipotential. The expression
of two photon interaction operator, which appears after calculation of total trace,
contains along with different degrees of integration momentum p the products of
transition form factors Gi(q
2). Further simplifications of this quasipotential imme-
diately follow from the above-mentioned experimental data on the process γ∗p→ ∆.
Considering N-∆ transition as a magnetic dipole process we may use the following
approximation:
G1(s) =
M
2[s+ (mp +M)2]
GM(s), G2(s) = −G1(s)
M
,G3(s) = − G1
2M
. (12)
Expressing on this way all form factors through G1(q
2), we may represent necessary
quasipotentials of diagrams (a) and (b) in the kind:
V a2γ =
32(Zα)2
9π2m2p
∫
d4pG21(p
2)
De(p)D∆(−p)(p2 + iǫ)2 [a0 + a1p0 + a2p
2
0 + a3p
3
0 + a4p
4
0] (13)
4
a0 = p
4[3p2(2 +
mp
M
) + 4m2p − 6mpM − 2m2],
a1 = 3p
2[p2(−m
2
p
M
− 12mp − 7M)− 5m3p − 5m2pM + 2mpM2 + 2M3],
a2 = p
2[3p2
(
11
2
− mp
M
)
+
139
2
m2p + 63mpM −
11
2
M2],
a3 = 3[p
2(
m2p
M
− 15mp)− 7m3p − 7m2pM ], a4 = 21m2p,
V b2γ =
32(Zα)2
9π2m2p
∫
d4pG21(p
2)
De(p)D∆(p)(p2 + iǫ)2
[b0 + b1p0 + b2p
2
0 + b3p
3
0 + b4p
4
0] (14)
b0 = p
4[3p2(2 +
mp
M
) + 4m2p − 6mpM − 2m2],
b1 = 3p
2[p2(
m2p
M
+ 2mp − 5M)−m3p5m2pM + 4mpM2 + 4M3],
b2 = p
2[3p2
(
−7
2
− mp
M
)
− 59
2
m2p + 27mpM +
7
2
M2],
b3 = 3[p
2(−m
2
p
M
− 11mp)− 5m3p − 5m2pM ], b4 = −15m2p,
where we have set also the relative motion particle momenta ~p = ~q = 0. Let
transform (13)-(14) to the kind, which is convenient for numerical integration [23].
Factor 1
D∆(−p)De(p)
of direct two photon diagram may be written as follows:
1
D∆(−p)De(p) =
1
2(mp +me)
[
p2 − me(M2−m2p)
mp
+ iε
]
[
2mp
D∆(−p) +
2me
De(p)
]
. (15)
Other ∆ isobar term 1
D∆
(p), which is in (14) may be represented in the form
1
D∆(p)De(p)
=
1
2(mp −me)
(
p0 − M
2
−m2p
2mp
+ iε
)
[
1
De(p)
− 1
D∆(p)
]
. (16)
After that we rotate the p0 contour to the imaginary axis and call the new variable
p0 = iξ. The integration factors are modified as follows:
1
p2 + iε
→ − 1
~p2 + ξ2
,
1
D∆(p)
→ − ~p
2 + ξ2 +M2 −m2p + 2impξ
(~p2 + ξ2 +M2 −m2p)2 + 4m2pξ2
. (17)
For the calculation of (13)-(14) we have used the expression (12) for form factor G1
and the relation of magnetic form factor, obtained in [17]:
GM(~p
2, ξ2) =
2s30S
3
0
lN l∆(Q2 + s0 + S0)3
1
(1− 3σ + (1− σ)√1− 4σ) , (18)
5
where σ = s0S0/(Q
2 + s0 + S0)
2, l2N=s
3
0/12, l
2
∆= S
3
0/10. Numerical values of pa-
rameters s0, S0 were taken also as in [17]: s0 = 2.3 GeV
2, S0 = 3.5 GeV
2. After
averaging V a2γ and V
b
2γ over Coulomb wave functions we can write the contribution
of ∆ isobar to the proton polarizability correction δP of hydrogen atom as a sum of
two integrals:
∆Ehfs1 = −
EFαmemp
3π2
∫
∞
0
p2dpdξ
(~p2 + ξ2)2[~p2 + ξ2 + (M +mp)2]2
× (19)
× G
2
M(~p
2, ξ2)
[(~p2 + ξ2 +M2 −m2p)2 + 4m2pξ2][(~p2 + ξ2)2 + 4m2eξ2]
×
[(~p2 + ξ2)(~p2 + ξ2 +M2 −m2p) + 4mempξ2](a0 − a2ξ2 + a4ξ4)+
+2ξ2[mp(~p
2 + ξ2)−me(~p2 + ξ2 +M2 −m2p)](a1 − a3ξ2)],
∆Ehfs2 = −
EFαmemp
3π2
∫
∞
0
p2dpdξ
(~p2 + ξ2)2[~p2 + ξ2 + (M +mp)2]2
(20)
G2M(~p
2, ξ2)
[(~p2 + ξ2 +M2 −m2p)2 + 4m2pξ2][(~p2 + ξ2)2 + 4m2eξ2]
×
[(~p2 + ξ2)(~p2 + ξ2 +M2 −m2p)− 4mempξ2](b0 − b2ξ2 + b4ξ4)+
−2ξ2[mp(~p2 + ξ2) +me(~p2 + ξ2 +M2 −m2p)](b1 − b3ξ2)].
Numerical value of considered contribution to δp is equal to
∆Ehfsp (∆− isobar) = −0.12 · 10−6∆EF . (21)
The result of our calculation is in good agreement with the estimation of resonance
J= 3
2
contribution to HFS, obtained in [6, 7]. In the case of muonic hydrogen the
relative value of this contribution to HFS run to (-27 ppm). Theoretical error, not
exceeding 10%, is connected with the used approximation in equations (19)-(20) (the
contribution of form factors GE and GC was omitted). It must be emphasized, that
all transition form factors fall off like Q−6 with a rise in Q2 and the value of integrals
(19)-(20) is determined by the range of small Q2 ∼ m2eα2. So the form factor GM(Q2)
behaviour in the vicinity of such quantities Q2 is mainly responsible for the value
of correction ∆Ehfsp . A simple rise of resonance mass in (19)-(20) even with the
using of form factor (18) leads to drastic decreasing of correction (21) in modulus:
at M=1.5 GeV ∆Ehfsp =-0.04 ppm, and at M=1.7 Gev ∆E
hfs
p =-0.004 ppm. So
for calculation of resonance contribution to the proton polarizability correction we
may restrict only by some low-lying nucleon resonances. In this approach definite
consideration of other baryonic resonances in the intermediate state is possible after
theoretical study of corresponding form factors or with the availability of necessary
experimental data.
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